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■^ ' Abstract: We reduce the problem of the projective normality of polarized 

(— I , abelian varieties to check the rank of very explicit matrices. This allow us to 



C^ 



prove some results on normal generation of primitive line bundles on abelian 
threefolds and fourfolds. We also give two situations where the projective nor- 
mality always fails. Finally we make some conjecture. 
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^ '■ 1 Introduction 

^3 ' Let {A, L) be a polarized abelian variety of dimension g. We are interested in 

r^ . studying the projective normality of the embedding given by the linear system 

\L\. The problem is completely solved when g = 1 or g = 2 (see Q], 0, 0], 

a ED- For higher dimension, most of the existent results are refered to powers of 

ample line bundle: 
>' 
*\^ , 1. If L = Af" with M ample and n > 3 then L is normally generated (see 

2. If i = A/^ with M of characteristic c, then L is normally generated if and 
only if no point of t*,K{L) is a base point of M (see U). 

3. If L is of type (2, fi2, . . . , dg) and dg < 4 then L is never normally generated; 
if [A, L) is generic of type (2, ^2, . . . , dg) and dg > A then L is normally 
generated (see [TU]'). 

On the other hand, the new techniques of Mukai-Fourier transform and M- 
regularity have been applied by G.Pareschi an M.Popa to attack these problems 



(see [H], ID)- However, it seems that they only work well with powers of ample 
line bundles. 

Thus, if L is primitive, very little is known. In ,5j, J.Iyer proves that if 
A is simple and hP{L) > 2^g\ then L is normally generated. First she prove 
that it suffices to study the 2-normality. Then, she takes a suitable isogeny 
A — > B such that L descends to a principal polarization M on B. In this way, 
the problem is reduced to check the surjectivity of some multiplication maps 
between translations of the line bundle M. 

Here, by using the canonical theta functions, we develop this idea. The 
main theorem reduces the question of 2-normality to check the rank of some 
matrices. Their elements are canonical theta functions evaluated in 0. The 
most important fact is that we can check the projective normality of any line 
bundle making a explicit computation. We use this Theorem in two ways. 

Firstly, we use the main Theorem to show two situations where the projective 
normality always fails. If {A, L) is a g-dimensional polarized abelian variety of 
type (di, . . . , dg) with some di — 2, we prove: 

1. If dj < 4, 1 < j < g then L is not normally generated. This extends the 
result of E.Rubei in [10]. 

2. If h^{L) = 2^+^, then L is not normally generated. ■ 

Secondly, by using a computer we exhibit explicit examples of projectively 
normal abelian varieties. Note, that a necessary condition for the projective 
normality is hP{L) > 2^+^ — 1. Moreover, by the result of J.Iyer we only have 
to check the cases where hP{L) < 2^g\. Because the projective normality is an 
open condition, these examples allow us to prove the normal generation in the 
generic case for some fixed types. For abelian threefolds we prove the following: 

1. If {A,L) is generic of type {di,d2,d3) with h^{L) > 15 and (^1,^2,^3) ^ 
{(1, 2, 8), (1, 3, 6), (2, 2, 4), (2, 4, 4)} then L is normally generated. 

2. If L is of type (1, 2, 8), (2, 2, 4) or (2, 4, 4) then it is never normally gener- 
ated. 

Note, that the open case is when L is of type (1,3,6). 
For abelian fourfolds we prove: 

1. If {A, L) is generic of type (di, ^2,^3, ^4) with hP{L) > 31 and 

idi,d2,d3,di) ^ {(1,1, 2,16), (1,2,2,8), (1,2,4, 4), 

(1,3,3,6), (2,2,2,4), (2,2,4,4), (2,4,4,4)} 

then L is normally generated. 



2. If L is of type (1, 1, 2, 16), (1, 2, 2, 8), (1, 2, 4, 4), (2, 2, 2, 4), (2, 2, 4, 4) or 
(2, 4, 4, 4) then it is never normally generated. 

Now the open case is when L is of type (1, 3, 3, 6). 

Acknowledgements: I thank K. Hulek for introducing me in these topics. 

Notations: We will work over the field of the complex numbers. We will 
follow the definitions and notation of the book ^ . 



2 The main Theorem. 

Let (S, Afo) be a principal polarized variety with B — (D^/A and Mq — L{H, xo)- 
Suppose that Mq is of characteristic 0. Let Ai, . . . , Ag, fix, . . . , /jg be the corre- 
sponding symplectic base. 

We will denote by Vi and V2 the real spaces generated respectively by 
Ai , . . . , Ag and /ii , . . . , /ig. Any x G (C^ decomposes in a unique way x = xi + X2 
with Xi £Vi,. Let A^ = V"; n A. 

Let D = (di, . . . , dg) with di\di-^-i be a type. Let 

A' = (Al,. .. , Ag,dl^l,.. ■,dg^Jig). 

We consider the abelian variety A — (C^/A'. There is a natural projection 
p : A — > B. It is clear that the line bundle L = p*Mo on Y has type D and 
characteristic 0. 

Let Ki = {^Ai + . . . + ^Agl Tij e Z , 1 < i < g}/Ai. We have the following 
isomorphisms (see 'S'): 

H'^iL) = J2 H\tlMo); H\L') = ^ H\t*^M^,). 

Theorem 2.1 The map H°{L) ® H°{L) > H^{L'^) factorizes through the 

maps: 

^ i/"(t:Mo) ® i?0(r „+^A/o) -^ H"it%M^) 
ueKi 

where w runs over Ki . 

Proof: See 0. ■ 

Let us study explicitly the surjectivity of these factorizations. We will denote 
by ^^ the canonical theta functions for the line bundle Afo and by 1?^ the 
canonical theta functions of Afg . Let u,w £ Ki. We know that H''\tl^Mo) and 



H°{t*_^^j^Mo) are generated respectively by the functions ^" and £,^u+w- Thus, 
from the Multiplication Formula (^,7.1.3): 

zeZ2 
where Z2 ^ B2 DVi. Now, we can obtain the following result: 

Theorem 2.2 The line bundle L is 2-normal if and only if for each w G 
Ki/2Ki the matrix: 

(<+.-f(0)) ^ ^ 
has rank 2^. 

Proof: From the previous arguments and Theorem 12.11 it follows that L is 
2-normal exactly when the matrices 



(<+,_™(0)) 

V ^ / ueKi,z 



eKi,z£Z2 



have rank 2^ for any w ^ Ki. But, it is clear that if we take w, w' G Ki such 
that w — w' Cz 2A'i then the two corresponding matrices have the same rank. ■ 



3 Cases where the projective normahty fails. 

In this section we will use the main Theorem to give two situations where the 
projective normality fails. We will suppose that there is a dj equal to 2. In 
particular, let di„ = 2 where iq is the minimum index verifying this condition. 
Take w — \ia/2. We decompose Ki in two subgroups: 

i^ii = {fA.JneZ}/Ai 

^12 = {§I^^i + • • ■ + ^ Ag I n, e Z , io + 1 < i < g}/Ai 

We have the following lemma: 

Lemma 3.1 With the previous notation, the matrices: 
(€+z-fiO)) ^ , <^nd (<+,_» (0)) 

V 2 / ui£Ki,zeZ2 V ^ / ueKi2,ZI£Z2 

have the same rank. 

Proof: Let u = ui + U2, with ui G Kn and U2 G Ki2. Suppose that ui — -^. 
Then, since Mq is of characteristic and by using the properties of the canonical 
theta functions: 

^^,_»(0) = z?°., ^.„(0) = ^%.„ .,, (0) = ^° „,+,_» (0) 



By this result we will center our attention in the matrix: 

= (<+,_ ™(o)) 



j.eKi2,zeZ2 



with w = -^. 



We decompose the group Z2 in : 



Z21 = ^2 n {^) 



Zj22 — ^2 I I \ — , • • • , — 2 — ' — 2 — ' • • • ' ~/ 

this induces a decomposition for the matrix Q: 

Q = {Qi Q2) 
with 

Qi = (<+.-f(o)) ^ ^ , 02=f^° ^..„ JO)) 

V 2 y„exi2,^ez22 V «+^+^-f J ^(,K,2,z(iZ22 

Let M £ ^^"12, z G ^22- Then: 

<+,_^(o) =^° ..„(o) = ^° ^^.„(o)- 

= l?° A .. (0) 

If M is a 4-torsion point of K12 then —2u — z is an element of ^22- Therefore, in 
this case, the sum of the columns of Qi is the same that the sum of the columns 
of Q2- We deduce that the matrix Q has not maximal rank 2^. Thus, we have 
prove the following Theorem: 

Theorem 3.2 Let (A, L) be a g-dimensional polarized ahelian variety of type 
{di, . . . ,dg), with dj < A, 1 < j < g and some di = 2. Then L is not normally 
generated. ■ 

On the other hand, we consider the matrix: 

Qi-Q2= Uu+z-fio) - ^\ ^A,„ _„ (0)) 

\ " + 2+ 2 2 / ueKi2,zeZ22 

We decompose K12 in the following way: 

K12 - K^2 U KI2 

where KI2 are the 2-torsion points of K12 and KI2 the rest of them. Each 
u G KI2 has a unique inverse — u on Kl2- Furthermore: 



If u e KI2 then {Qi — Q2)u,z = for any z G Z22, because: 

u+z-l — ^ f- -u-z ^^ — jli u+z ^ 

Hue KI2 then (Qi - Q2)u,z — ~{Qi — Q2)-u,z for any z e Z22, because: 



= ^° , ,^.0 (o)-^V.--(o) 



We see that Qi — Q2 has at least #Ki2 null rows and ^#-?^i2 pairs of 
rows with opposite sign. Let h°{L) = 2^~^^~''°n, then #1^12 = 23~^°n and 
#K^2 ^ 29-'« . From this: 

rank{Q^ - Q2) < \#Kl2 - \{#K,2 - #K'i2) = 2^-'"-'n - 2^-'°'' 

When this rank is less than 2^^^ then Q has not maximal rank, so L is not 
normally generated: 

rank{Qi - Q2) < 2^-^ <^=^ n < 2^» + 1 ^=^ n < 2^« <^^ h"{L) < 2^+^ 

Since a necessary condition for the projective normality is hP{L) > 2^+^ — 1, we 
have proof the following heorem: 

Theorem 3.3 Let (A, L) be a g-dimensional polarized abelian variety of type 
(di, . . . ,dg), with some di — 2. If hP{L) = 2^+^, then L is not normally gener- 
ated. ■ 



4 Projective normality for g = ?> and (/ = 4. 

In this section we will use the main Theorem 12.21 to study the projective nor- 
mality of abelian threefolds and fourfolds making explicit computations. Since 
this is an open condition we will give explicit examples where the projective 
normality holds. This will prove the projective normality in the generic case. 

To apply the Theorem 12.21 we have to compute ^?c(0) with c e Vi. We will 
write this functions by using the classical theta functions. We will follow the 
Chapter 8 of 1 . Let Z e Mg((C) be a symmetric matrix with Im{Z) > and 
let c G (C^ such that c = Zc\ with c^ G H^. By the Lemma (8.5.2., jL_) and the 
properties of the theta functions wc have: 



^O(O) =19^(0)=!? 

= expiTn^c^Zc^)^ 



(0,Z) = 
^ {Zc^, Z) = exp{-Ki*c^Zc^)e{Z, Zc^) 



where 6 is the Siegel theta function: 

e{Z, w) = ^ expimhZt + 2mHv) 
t 

Now, we can rewrite the Theorem IT^ Let / = {(^, . . . , ■^)| < n, < 
d^^ <i < g], I' ^ {(5^,...,^)|0 <n,< m.c.d.{d,,2) ,1 < i < g] and 
J = {(^,...,^)|,0<ai,...,ag < 1}. Then: 

Theorem 4.1 The line bundle L is 2-normal if and only if for any w E I' the 
matrices: 

(exp{m\z+j ^)Zi^ + J ^))eiZ,Z{^ + J ^))) 

have rank 2^ . ■ 

The classical Theta functions can be evaluated with the help of a computer. 
In particular Mathematica 5.0 (^]) includes an implementation of the Siegel 
theta function. Furthermore, in [2] algorithms for their computation are given. 
However, one can simplify the situation working on a particular case. We can 
suppose that Z = X + Y where X is a symmetric integer matrix and Y — kid, 
with k G(C and Im{k) > 0. Now, by the Theta Transformation Formula (8.6.1, 
ID): 



exp{TTt*c Zc )"!? 



{Zc\Z) ^exp{Tn*c^Zc^)'d 



{Zc\Y) 



{Zc^, Z) can be decomposed 



Because y is a diagonal matrix, the functions •§ 
in a product of elliptic functions. 

We have applied this method for g — 3, and the decomposition: 

/O 1\ 
X=0 2; r=(l + ^/l/ii)Id 

\l 2 0/ 

We have checked all the possibilities for the type (di, ^2,^3) when 7 < did2d3 < 
2^-3!. In other case, the results of Iyer provide the projective normality. We 
have obtained the following result: 

Theorem 4.2 Let {A, L) be a generic abelian threefold of type (^1,^2,^3) with 
h"{L) > 15. If{di,d2,d3) ^ {(1,2, 8), (1,3, 6), (2, 2, 4), (2, 4, 4)} then L is nor- 
mally generated. 

Moreover, applying the Theorems 13.21 and 13.31 for 5 = 3 wc obtain the fol- 
lowing corollary: 



Corollary 4.3 An abelian threefold {A,L) of type (1, 2,8), (2, 2,4) or (2,4,4) 
is never projectively normal. ■ 

For g — 4: we have used the decomposition: 



X = 



/O 1- 

3 1; Y={l + ^l/3^)Id 

Vl 2 3 0. 



Now, we have checked all the possibilities for the type (di, ^2, ^3, ^4) when 15 < 
did2d^di < 2* • 4!. We have obtained the following results: 

Theorem 4.4 Let {A, L) be a generic abelian fourfold of type (^1,^2,0^3,^4) 
with h°{L) > 31. // 

(di,d2,rf3,d4) ^ {(1,1, 2,16), (1,2,2,8), (1,2,4, 4), 

(1,3,3,6), (2,2,2,4), (2,2,4,4), (2,4,4,4)} 

then L is normally generated. ■ 

In this case, from Theorems 13.21 and 13. 31 it follows: 

Corollary 4.5 If(A,L) is an abelian fourfold of type (1,1,2,16), (1,2,2,8), 
(2, 2, 2, 4), (2, 2, 4, 4) or (2, 4, 4, 4) then L is not normally generated. ■ 

Note, that the open cases for 5 = 3 and g — 4: are respectively the types 
(1,3,6) and (1,3,3,6). We have not found examples of projectively normal 
polarized abelian varieties of theses types. On the other hand, we have explored 
some other cases for (7 > 4. Thus, we make the following conjectures: 

Conjecture 4.6 Let {A, L) be a polarized abelian variety of dimension g. Lf L 
is of type (1, 3, • • • , 3, 6) then L is not normally generated. ■ 

Conjecture 4.7 Let {A^L) be a polarized abelian variety of dimension g. Lf L 
is of type (1, • • • , 1, d) with d > 2^+^ — 1 then L is normally generated. ■ 
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